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Abstract 



We calculate the genus-one three- and four-point amplitudes in the 2-1-2 di- 
mensional closed A^=(2,2) worldsheet supersymmetric string within the RNS for- 
mulation. Vertex operators are redefined with the incorporation of spinor helicity 
techniques, and the quantum scattering is shown to be manifestly gauge and Lorentz 
invariant after normalizing the string states. The continuous spin structure sum- 
mation over the monodromies of the worldsheet fermions is carried out explicitly, 
and the field-theory limit is extracted. The amplitude in this limit is shown to 
be the maximally helicity violating amplitude in pure gravity evaluated in a two- 
dimensional setting, which vanishes, unlike the four- dimensional result. The van- 
ishing of the genus-one A^=2 closed string amplitude is related to the absence of 
one-loop divergences in dimensionally regulated IIB supergravity. Comparisons and 
contrasts between self-dual field theory and the A^=2 string theory are made at the 
quantum level; they have different S-matrices. Finally, we point to further relations 
with self-dual field theory and two-dimensional models. 



1 Introduction 



The field equations 

pertain to many aspects of pliysics and matliematical physics: self-dual field theory, 
string theory, instantons and monopoles, and the classification of four-manifolds. 

The N=2 worldsheet supersymmetric string is unique among string theories as 
its critical dimension is four [Q, |^, ^, ^ ^. Its full spectrum and its exact (in a') 
classical field equations have been identified to be merely those of self-dual gravity 
and self-dual Yang- Mills theory P, |^ (for a review up to 1992, see [§]). Several 
quantum field theory formulations of the latter theories point to a non-vanishing 
S-matrix at the quantum level , a fact which is, however, in contrast to the claims 



of zero quantum S-matrix for the N=2 string |]T0| |Tl], |I^. Apparently, we witness 
a quantum discrepancy between two theories which are classically equivalent. In 
this work we address this question by calculating the iV=(2,2) closed-string genus- 
one amplitudes in the RNS formulation and identifying the target spacetime theory 
which gives rise to these amplitudes. 

Self-duality m d = 2+2 dimensions (or m d = 4+0) is implemented in the field 
equations of gravity and Yang- Mills by ( |1 . 1|) , of which the only known Lorentz 
covariant Lagrangian formulation employs Lagrange multipliers and is given by Q 

£ = Tr £ = Tr p"^i?„^ , (1.2) 

where F and R are the self-dual projections of the field-strength and Riemann tensor 
for a gauge and spin connection vector, respectively. [|13|, The Lagrangian ( p..2|) 
involves two fields, related to the two polarization states of a gauge field, yet only 
one appears as an asymptotic state. 

Alternatively, fixing a light-cone gauge in ( p. . 1| ) allowed Leznov |T^ and Plebanski 



p!5| to reduce the self-duality equations to a pair of second-order equations 

- 00 + f , 9+ . 0] = - + f d+^d^^i^ d_^ad^.i^ = (1.3) 

for scalar prepotentials (to F) and ip (to R) which extremize the respective Lorentz 
non-covariant gauge-fixed actions belonging to 



£ = Tr (^-in0+ (1.4) 

and 

c = 4, (-in^ + 1 • (1-5) 

^ Sub- and superscripts a G {+, — } and a e {+, — } are spinor indices of SL{2,M.) (or SU{2)). 
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Further Lorentz non-covariant formulations of self-dual quantum field theories can 
be found by solving the gauge constraints in ( |1 . 1|) differently |l^. As these 



one-field actions share a coupling constant of positive length dimension they are all 
power-counting non-renormalizable. 

The Lorentz-covariant two-field actions are much better behaved in this re- 
spect. In light-cone gauge, their Lagrangians are 



£ = Tr (^-□0+ f 5^.0] j (1.6) 

and 

£ = ^(-□^ + f9+"9+'^^9^.9^.^) (1.7) 

which allows no scattering beyond one-loop, because the multiplier fields go with 
1/h. The one- and two-field theories both generate the maximally helicity violating 
(MHV) scattering at one-loop and the vanishing next-to-MHV amplitudes at tree- 
level 0, and the latter theories are one-loop exact perturbatively. 

To compare with, the N=2 superstring has been shown (modulo contact term 



ambiguities) to possess trivial scattering in its critical dimension |jTT| . This indicates 
the presence of an anomaly in the string, or a target-space interpretation different 
from self-dual gravity or gauge theory. A possible anomaly interpretation behind 
the d = 3+1 MHV amplitudes in gauge theory was initially pointed out in |]18| in 
the context of the conserved symmetries of the field equations. 

Until now, the N=2 string quantum amplitude has never been computed in the 
traditional RNS formalism (but functional methods for the quantization at higher 
genera have been developed |jl9[). However, by embedding the N=2 string in an 
iV=4 topological string it was demonstrated that, up to contact terms, these ampli- 



tudes vanish to all loops |T0|, |Tl[]. Linearized symmetry arguments have also formally 
shown this in the RNS formulation in ||T2[. In order to compare with the field-theory 
results and to find the root of this discrepancy, an explicit traditional computation 
at genus one is worthwhile. In the present work we perform this calculation. We find 
that the N=2 string loop dynamics appears to be reduced to two dimensions. Based 



on earlier one-loop computations of the partition function |^ and the three-point 



function [^, Marcus already identified the technical origin of this dimensional 
mismatch. Here, we confirm his observation and extend it to the full quantum dy- 
namics by evaluating the one-loop four-point scattering. As the N=2 string has a 
critical dimension of four, with four (real) target spacetime coordinates, this calcu- 
lation indicates that it represents a ghost system in the MHV sector of gauge theory. 
In order to make the above explicit we render the scattering manifestly Lorentz in- 
variant by normalizing the vertex operators and incorporating the gauge invariance 
through the use of spinor hehcity techniques. 

A further unexpected relation arises between the one-loop MHV amplitude in 
pure gravity regulated to two dimensions and the next-to-MHV amplitude in IIB 
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supergravity evaluated in ten dimensions. The absence of one-loop divergences 
in the massless sector of IIB supergravity in ten dimensions within dimensional 
reduction explains the vanishing of the two-dimensional MHV result and thereby 
the triviality of the field theory limit of the N=2 string scattering. Alternatively, a 
relation is found between two string theories: the IIB superstring in ten dimensions 
and the N=2 closed string in four dimensions. Such a relation may originate in an 
integrable structure in the ultra-violet regime for the massless modes of the string 
(a supergravity analog of the Regge kinematical limit of Yang-Mills theory). If this 
connection extends to multi-loops, the vanishing theorems of the N=2 string at 
higher genera deserve further study. 

The outline of this work is as follows. In section 2 we review and discuss the 
properties of the gauge theory MHV amplitudes in different dimensions. Section 3 
implements gauge invariance directly into the N=2 string scattering through the 
incorporation of spinor helicity techniques and a normalization of the vertex oper- 
ators. We also analyze contact term subtleties in the scattering. In section 4 the 
three-point genus-one closed-string amplitude is obtained and compared with the 
field theoretic one. In section 5 we finally compute a modular-integral expression 
for the genus-one closed-string four-point amplitude, carefully taking into account 
the superconformal ghost structure. From this result, we extract the field theory 
limit by taking a' — before summing over spin structures (which then trivializes). 
The answer is zero, and the comparison with the MHV amplitudes is made. In 
section 6 we explicitly perform the spin structure summation on the full modular 
integrand before taking the field theory limit, with identical (vanishing) result. A 
discussion and an Appendix on Jacobi theta functions conclude the paper. 



2 Review of MHV Gauge Theory Amplitudes 

Recent developments in techniques in gauge theory calculations have made possi- 
ble the calculation of closed analytic forms of several infinite sequences of one-loop 
gauge theory amplitudes. The maximally helicity violating (MHV) amplitudes are 
described by scattering of gauge fields of identical helicity, either in Yang-Mills 
theory or in gravity. One of the features of these amplitudes is that in a super- 
symmetric theory they are identically zero to infinite loop order; this implies that 
at tree-level the amplitudes are identically zero. The amplitudes closest to MHV 
are simpler to calculate, and the self-dual description has lead to reformulations 
and improved diagrammatic techniques in calculating gauge theory amplitudes ||2^ 

^ This dimension-shifting relation involving a change in the number of supersymmetries was 
initially found in p^ . 

^ For a review at tree-level see |23] and at loop-level . 
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as well as second-order formulations for incorporating fermions ^ In this 

section we briefly review these maximally helicity violating amplitudes and describe 
their relations to both self-dual field theory and string theory. The continuation of 
the four-point MHV gravity amplitude and its conjectured form to n-point order to 
arbitrary dimensions is directly related to the zero-slope limit of the N=2 closed 
string. 

At one-loop in four dimensions, the leading-in-color partial amplitude for the 



scattering of n gluons of identical out-going helicity in Yang-Mills theory is ||2^, |29 



where the superscript [J] represents the spin of the internal state (gluon, complex 
scalar or Weyl fermion give the same result up to a minus sign for half-integral spin) . 
The amplitude is written in color-ordered form the leading- in-color group theory 
structure, 

iV^ Tr 'j^''i'j^'*2 fjifin ^2 2) 

has been extracted from the kinematics in accord with Chan-Paton assignments in 
open string theory and gauge theory. In ( p?T| ) we have decomposed each lightlike 
momentum vector ki into two momentum Weyl spinors and defined two different 
inner products, 

kf = kfkf and (zj) = kfkj,^ [ij] = kfkj^^ . (2.3) 

In 2-1-2 dimensions, (ij) is not the complex conjugate of [ij]; the Lorentz group is 
SL{2, M) X SL{2, M)' as opposed to SL{2, C) in 3-1-1 dimensions (and there are poles 
in (|2.1| ) in the self-dual plane parameterized by the SL{2,'R) half of the Lorentz 
group). 

The analogous result for the all-plus gravitational amplitude |32| , 



' \2) 120 (477)2 V (12) (23) (34) (41)/ ^ ' ^ ' 



and its n-point form |^3[, together with the three-point vertex, describe the scatter- 
ing of all-plus helicity gravitons to one-loop order. The amplitude in ( p.l|) and its 
gravitational analog have a number of features in common with N=2 string scat- 
tering. They are channel-dual in the sense that exchange of any two legs gives the 
same form. Furthermore, they have only two-particle poles (in one SL{2, M) factor 
of the Lorentz group), which signals integrable characteristics related to the infinite 
number of symmetries in the self-dual field equations. 

In a self-dual non-abelian background, fermions may be bosonized, and fields become spin 
independent. 
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The n-point gauge theory amphtude in ( |2.1| ) has been found by constraining the 
functional form based on analyticity as well as through a direct calculation with 
a fermion in the loop ||2^ . The amplitude in ( |2.1| ) also arises in a one-loop S-matrix 



element for self-dual Yang-Mills theory. This happens for the Lorentz-covariant 
two-field theory (one-loop exact) as well as, to a factor of two, for the one-field 
(Leznov) formulation [^, although the latter is not Lorentz covariant (or one- 
loop exact). The same story occurs in gravity where (|2.4|) and its generalizations 
describe quantum self-dual gravity at one- loop . One might expect to find similar 
non- vanishing scattering amplitudes at the one-loop level in the N=2 string, as both 
the string and the self-dual field theory share the same classical field equations. 
However, this expectation is not borne out by our calculation below. 

The d dimensional generalization of the Yang-Mills result in (p.l|) has been found 
in [22] up to six-point (together with a conjectured form at > 7 point), and we 



list here the form of these amplitudes. At four-point one has 

= (12) (23) (34) (41)^^ 4(4^)2 '^^ '''''' ^^'""'^''^^ ' ^^'^^ 
where the box diagram J^^"^ is the integral function 

continued from p to d+4 dimensions but with the external vectors in d dimensions. 
The generalization of the series in ( p.l|) arises by keeping the external kinematics 
and polarizations in four dimensions and analytically continuing the scalar integral 
functions. In a Schwinger proper-time formulation of the integrals this amounts 
to inserting additional factors of T2 in the integral over the proper time. In four 
dimensions, the 8-dimensional box diagram in ( |2.5| ) relevant to the amplitude is UV 
divergent, but the result is finite because the d—i prefactor extracts the residue. In 
two dimensions the 6-dimensional box diagram with external massless kinematics is 
both IR and UV finite, but the prefactor forces the result in ( |2.5| ) to be identically 
zero. The MHV amplitude thus vanishes upon continuation to d=2, without recourse 
to spacetime supersymmetry. 

The five- and six-point amplitudes and their dimensional form have the same 
properties as the expression ( ^75|) , as does the conjectured ra-point form at one-loop. 
The five-point amplitude, 

A^'Uk) - -2 {A-d){2-d) l Jd+A.^ ^ rd+4 

- (12) (23) (34) (45) (51) 4(47r)^/2 [''''''^^ +^34^45^4 

+ 545551/4'+' + 551512/4"+' + 512523/4'+' + 4ide,,,^k'^kl^k',kllt'] ,(2.7) 

is zero when continued to two dimensions because the six- dimensional box and eight- 
dimensional pentagon in (|2.7|) are finite and the pre-factor vanishes in d=2. The 
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gauge theory result at six-point is similar and is described in eqs. (16) and (17) of 
reference ||22|| . 

In (spacetime) supersymmetric gauge or gravitational theory, the MHV one-loop 
amplitudes vanish because of a cancellation between the contributions stemming 
from different spin states running inside the loop [^. Concretely, 

^[1] = ^[0] ^ _^[|] ^ ^[2] ^ (2.8) 

for a gauge boson, complex scalar, Weyl fermion, or graviton, so that amplitudes 
need to be computed for only one conveniently chosen spin value. 

The all-n conjectured form of the MHV Yang-Mills amplitude relates to a d+4 
J\f =16 supersymmetric non-MHV amplitude as follows, 

A^Siih) = ^^~ ~ (4vr)^-^<r^^(fcr, A;,-, . . . , A;+) , (2.9) 

d 2 (12) d+4 

where for definiteness we denote it for an internal complex scalar, with [J=0]. The 
factor of (12)^ gives the left-hand side the appropriate spinor weight to describe the 
negative-helicity gluons on legs one and two. Curiously, the prefactor in ( p. 9] ) is 
negative for 2 < d < 4. Again, the finiteness of the amplitude on the right-hand 
side of (p.9| ) in d+4=6 translates into the vanishing of the MHV amplitude in d=2. 
For d+4=8 the UV singularity of A!^^^^ reproduces ( p.l|) . 

The explicit result in d dimensions for the four-point one-loop maximally helicity 
violating Einstein-Hilbert gravitational amplitude is 

^p,^^._j , - ''X^ - (2 + (4,)4 1 ^y^3.(i-^ 3.. (2,10) 

where the relation is between an MHV amplitude in d dimensions to a non-MHV 
amplitude in d+8 dimensions and in the Af=32 (maximally) supersymmetric theory. 
Similar to the Yang-Mills case, the additional (12)^ gives the MHV amplitude the 
proper helicity weight (the graviton has twice the spin) and dimensions. 

For d=2 the amplitude on the right-hand side in ( ^.10| ) is to be evaluated in 
ten dimensions. In this case no counterterms occur in the amplitude calculation in 
dimensional regulation since the divergences at four-point are proportional to 

(^ + ^) + ( ) (^ + ^) + ( ) (^ + ^) (2-11) 



d-lOj ' ' \d-10j ' ' \d-\^, 

which is zero on-shell, forcing the MHV result in ( ^.l(j| ) in d=2 to vanish. Paral- 
lel to the relation in (p.9|) and generalizing ( p.lOj ), the conjectured (i-dimensional 
gravitational MHV amplitude at arbitrary n-point coincides with the A/'=32, d+8 
next-to-MHV amplitude. The absence of a counterterm at n-point in the dimension- 
ally regularized/reduced form of IIB supergravity in ten dimensions means that, due 
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to the prefactor in the n-point generahzation of ( |2.1CI| ), the MHV result for graviton 
scattering in two dimensions is zero at arbitrary n-point order at one-loop. 

Two-dimensional gravity and Yang-Mills theory are topological and have no dy- 
namical degrees of freedom. The scattering in these theories is trivial in topologically 
trivial spacetime, which explains the vanishing of the amplitudes not only at one- 
loop but also to infinite loop order. A possible relation between the reduced form of 
the scattering in d=2 and that in (i=10 implies further non-trivial structure in the 
ultra-violet of IIB supergravity. 

In the following we shall relate the above d=2 result in the gravitational case to 
the scattering obtained in the RNS formulation of the closed N=2 superstring in 
the zero-slope limit. Given the holomorphic/anti-holomorphic factorization of the 
string integrand, this relation might persist to the open string as well. 

3 N=2 String Vertex Operators 

In this section we review the relevant facts of the closed N=2 string and its tree-level 
scattering amplitudes. We pay particular attention to the its vertex operators, for 
two reasons: First, the representation of the vertex operators affects possible contact 
interactions and their contributions to scattering amplitudes. Second, the normal- 
ization of the vertex operators translates to the choice of external leg factors which 
are crucial to achieve a manifestly gauge-invariant representation of the amplitudes 
via spinor helicity techniques. For a brief review, the reader may consult |^ and 
references therein. 

3.1 Generalities 

From the worldsheet point of view, critical closed N=2 strings in fiat Kleinian 
space M^'^ are a theory of N={2,2) supergravity on a 1-1-1 dimensional (pseudo) 
Riemann surface, coupled to two chiral N={2,2) massless matter multiplets X", 
a = 1, 2. The latter's components are complex scalars x (the four string coordinates), 
5*0(1, 1) Dirac spinors ip (their four NSR partners) and complex auxiliaries F, 

x'^ = x'' + e-ij+'' + e+^ij-~^ ^e+Q-p'' (3.1) 

with arguments y = z + 9^9^ . Complex conjugation reads 

z* = z {9+y = 9- {xy = x'' {^+y = ^-~^ (3.2) 

while chiral conjugation exchanges right- and left-movers via 

z^z 9^ -^9^ x" ^x"" ^ V'^" ■ (3.3) 

The extended worldsheet supersymmetry has induced a spacetime complex structure 
which reduces the global Lorentz symmetry, 

Spin(2,2) = 5f/(l,l) X 5f/(l,l)' — > U (1) x SU (1,1)' - f/(l,l). (3.4) 
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In superconformal gauge, however, manifest SO {2, 2) symmetry is restored in the 
worldsheet action, which is given by 

S = j<fz d^Od^e K{X, X) = j dh r]aa [dx^dx^ + i/j+^dip-^ + ip+^dip-^] (3.5) 

where rjaa = diag(H — ) is the flat metric in C^'^, and the auxihary fields have been 
integrated out. 

Although the above notation makes transparent the local R symmetry properties 
of the fields (for instance, x is neutral while ip^ is not), it is not convenient for our 
computations. The interrelation ( |3.2| ) with complex conjugation allows us to change 
it, 

x" x^^" x^ x-" i)^^ i)-" , (3.6) 

so that the 5*0(2,2) invariant scalar product reads 

h. . rj. — ]_ . rf,- \ t.- . rf,+ \ — 1 ( h^^ — h^^T^'^ 4- Jc^^T^^ — /^"^T + ^'I ( 7\ 

rv Jb — 2 ^ \^ J — 2 iXi Jb \^ rv rv J V^* ' / 

where the dot is also used to denote the SU{1, 1)' invariant scalar product. There 
exist three antisymmetric SU{1, 1)' invariant products, 

i,+ A „+ _ u+a +b _ +2 _ 1.+2 +1 

rv / \ Ju — t(20 *^ — th Jb th Jb 

1.+ A r^- — 1 . q,~ — h~ ■ T+'l — i (h'^^T^^ — h^'^T~'^ — h~^T^^ -J- i-~^'r+2'l 

i\j I \ Jj — 2 ^ rv Jj J — 2 ^ rv Jj rv Jj rv Jb j 

k' Ax- = eab k-^x-^ = k-^x-^ - k-^x'^ (3.8) 

which feature prominently in the following. 

The A^=(2,2) supergravity multiplet defines a gravitini and a Maxwell bundle 
over the worldsheet Riemann surface. The topology of the total space is labeled by 
the Euler number x of the punctured Riemann surface and the first Chern number 
(instanton number) M of the Maxwell bundle. It is notationally convenient to 
replace the Euler number by the "spin" 

J := -2x = 2n - 4 + 4(#handles) G 2Z . (3.9) 

The action ( p.5|) is to be considered for string worldsheets of a given topology.0 
The first-quantized string path integral for the n-point function An includes a sum 
over worldsheet topologies {J,M), weighted with appropriate powers in the string 
couplings (k, e*^): 

oo oo + J 

A^{K,e) = J2 '^'^'^M = J2 J2 k'/' e'''' A'^"" (3.10) 

J=2ra-4 J=2n-4M=-J 



'"^ Of course, the Lagrangian in (3.5) is in general not correct globally. 
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where the instanton sum has a finite range because bundles with \M\>J do not 
contribute. The presence of Maxwell instantons breaks the explicit U{1) factor in 
( ^.41 ) but the SU{1, 1) factor (and thus the whole Spin(2,2)) is fully restored if we 
let fi;^/^(e*^/^, e~*^/^) transform as an SU{1^1) spinor. As a consequence, the string 
couplings depend on the S'0(2,2) Lorentz frame, and we may choose a convenient 
one for calculations. We call the choice ^=0 a 'Leznov frame' and name an averaging 
over 6 a 'Yang frame'. The partial amplitudes A'^^ are integrals over the metric, 
gravitini, and Maxwell moduli spaces. The integrands may be obtained as correla- 
tion functions of vertex operators in the A^=(2,2) superconformal field theory on 
the worldsheet surface of fixed shape (moduli) and topology. 

The vertex operators produce from the (first-quantized) vacuum state the asymp- 
totic string states in the scattering amplitude under consideration. They correspond 
to the physical states of the N=2 closed string and carry their quantum numbers. 
Being representatives of the (semi-chiral) BRST cohomology, they are unique only 
up to BRST-trivial terms and normalization. The physical subspace of the N=2 
string Fock space in a covariant quantization scheme turns out to be surprisingly 



small [0: Only the ground state \k) remains, a scalar on the massless level, i.e. 
for center-of-mass momentum /c^*^ with k ■ k = 0. The dynamics of this string 
"excitation" is described by a massless scalar field. 



$(x) = Jd^k e""-^ ^{k) , (3.11) 

whose self-interactions are determined on-shell from the (amputated) string scatter- 
ing amplitudes at tree-level, 

. . . Hkn))Zlo =■■ An-\h . . . fcn; 6) =: Al^-^k, . . . k^; 9) . (3.12) 

Interestingly, it has been shown that all tree-level n-point functions vanish on- 
shell, except for the three-point amplitude p8|. 



Al{ki,k2,k3;e) = -]\e'^kt Ak+ -2kt Ak^ -e~'^k^ Ak^ (3.13) 



4 
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with ki -kj = due to fc„ = 0. Note that is totally symmetric in all momenta. 
Expanding the square, one reads off A^' for M=— 2, . . . , +2. However, using the 
on-shell relations 

k+Ak^ = h^kykfAkt = -h{k) k^ A k^ (3.14) 

with the phase 



U+l 1.+2 

h{k) := = pr = l/h{kr (3.15) 
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(identical for all three momenta), the three-point amplitude simplifies to 

= _i e'^' [1 - hik)-'e~''/'f (kf A ktf . (3.16) 

We see that the 6 dependence factorizes, and the contributions from different in- 
stanton sectors differ only by powers of the leg factor h{k). After switching to 
real SL{2,M.) x SL{2,'R)' spinor coordinates, it is easy to see that this three-point 
tree-level amplitude exactly coincides, in the Leznov frame, with the one obtained 
from Plebanski's second equation (|1.3| ) for the prepotential ip. In the Yang frame, 
one makes contact with Plebanski's first equation. Furthermore, after including the 
appropriate leg factors the result becomes identical to covariant gauge scattering. 

The above structure of the 9 dependence is not a speciality of the tree-level 
three-point function but actually a generic property. One may localize the Maxwell 
instantons at the worldsheet punctures and thereby define vertex operators V'^ , 
M=—J, . . . , J for various instanton sectors which create an asymptotic string state 
together with a Maxwell instanton out of the M=0 vacuum. Yet, it turns out 
that any two such operators are proportional to each other, differing merely by 
(momentum-dependent) normalization, 

\/*'(fc) = h{k)''V{k) (3.17) 

where V{k) is the vertex operator in the zero-instanton sector. It follows that the 
partial amplitudes (tree or loop) in the various instanton sectors are related by 
simple leg factors, and that knowledge of a particular A"''*^ is sufficient. For this 
reason, we shall be content to perform our calculations in the zero-instanton sector, 
except in section four where we employ a Leznov frame. 

3.2 Avoiding Contact Terms 

The canonical computation of one-loop amplitudes entails the use of the inte- 
grated ground state vertex operator in the (0, 0; 0, 0) superconformal ghost picture. 
Its standard representative is 

V{k) = jdhd^Od^e exp{ik-X) (3.18) 

= j dh (fc[+-9x-l - ik-'ip- k--ip+) (A;[+-9x-] + ik+-ip- k--i)+) e^^'^ . 

The use of this vertex operator in amplitude calculations gives rise to delta func- 
tions (and squares of delta functions) on the string worldsheet because of holomor- 
phic/antiholomorphic Wick contractions 

{dx^\zi) dx-\z2)) = rt^ b^''\zx - Z2) . (3.19) 
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These contact terms are usually dropped in perturbation theory, but care must 
be taken to ensure that these terms do not contribute to the scattering in any 
representation. Q It is possible to completely avoid such contact terms by changing 
the vertex operator representative. Adding the total derivative term 

-id [ik^+-dx-^ +ik-^■^lJ-k-■^lJ+)e'''■^] -id [(A;[+-5a;-] - iA;--^-A;--^+)e''=-"] -dde"'-'' 

(3.20) 

and using 
we arrive at 

V{k) = I {2k+-dx- - ik+-ij- k'-i)^) {2k+-dx- + ik^-^j' k'-ij^) e''''^ (3.22) 



which contains only in the exponent and therefore precludes not only (dxdx) 
but also (dxdx) and (dxdx) contractions. In the following we shall use this vertex 
operator. There is one drawback, however. Since V{k) in ( |3.22| ) is no longer invariant 
under complex conjugation, our computations will not produce holomorphic squares, 
making chiral splitting impossible. 

Next we derive the unintegrated weighted generating functional (Koba-Nielsen 
form) for n-point amplitudes. The bosonic portion is 



n „ 

dOjdOj / dfin exp 



fd'zd'z J+{z)G{z,z)J-{z) . (3.23) 



Here, 6j correspond to an exponentiation 

fc+ ■ dx'e'' '' = exp [fc ■ a; + ek+ ■ dx'] (3.24) 



multi— linear 



of the pre-factor in the vertex operator from which subsequently (after functional 
integration) the multi-linear part is extracted to obtain the correlation. For the 
chirally non-split form V in ( p.22D ,Pl the currents are 

n 

j+(z) = ^ [zA;+(5(2)(z-z,) + ^jA;+9(5('n'2-%-) + ^j'^/'95^'H-s-%-)] (3-25) 

n 

J~{z) = Y,^kT6^^\z-Zj) . (3.26) 



^ These contact terms are proportional, after the incorporation of heUcity techniques, to inner 
products £i ■ ej which vanish manifestly in the MHV amplitudes. 



^ Th e real form V of the vertex operator in ( 3.22 ) leads to J (z) being the complex conjugate 

of 
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The sum in ( p.23| ) may be evaluated to 



(3.27) 



where Gij = {x~^ {zi, Zi)x~ {zj, Zj)) , the bosonic two-point function on the torus, and 
dfin denotes the measure to integrate over the general punctured super-Riemann 
surface. The global N=2 superspace form generalizing that in ( p.27| ) is 



i<j 



-ki-kjdj + ieikf-k-DjGij + iOikf-kJ D^Gij 

multi— linear 

(3.28) 

where (i/i^ is the superspace measure and -D^ the N=2 superspace derivatives. The 
form in ( |3.28|) is covariantized in the next section. 

3.3 Gauge Invariance and Reference Momenta 

In this subsection we describe the transversality of the amplitude at the level of 



the vertex operators and introduce the calculational tool of reference momenta |39 
in order make manifest the gauge invariance of the amplitudes. These instruments 
will allow us to compare the integrand with that of IIB superstring and gravity 
loop amplitudes. Spinor helicity is a useful tool in gauge theory calculations and 
implicitly has been incorporated in the N=2 string, although obscured in previous 
representations. Here, we find it convenient to switch to a real SL{2, M) x SL{2, M)' 
notation 



(3.29) 



for vectors and coordinates and rewrite the U{1, 1) scalar product as 
2 ■ w~ 



(3.30) 



For a light-like momentum vector k" 
spinor q=q{k) like 



k°'k'^, we have the freedom to choose the 



q- 



1 -i 
I 1 



k+ 
k^ 



hence 



= -n- 



(3.31) 



which permits us to express 



k^ ■ V 



(3.32) 



^ Note that the ± superscripts have different meaning on left- and right-hand sides. 

^ The matrix is degenerate and not related to the identity by a similarity transformation. 
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in 5*0 (2, 2) covariant form. Two different spinors gf and related to momenta ki 
and k2 further satisfy 

<lt = %^ 4 ■ (3.33) 
A representation of the two physical polarization vectors e^. in terms of products 

afi 

of spinors is 

and has the following properties: 



e+ ■ e+ = e+ • e~ = -1 . (3.36) 

Because the choice of q is arbitrary in any gauge-invariant calculation, it can be 
chosen to force many inner products to vanish, considerably reducing the amount 
of algebra in intermediate steps of the calculation. 

For example, in an MHV amplitude calculation the individual reference momenta 
Qi may be taken to coincide: qi = q. This choice eliminates all inner products of 
polarization vectors, 

e+(A;i;g)-e+(A;2;g) = 0. (3.37) 

Since individual diagrams must, by dimensional analysis, contain at least one inner 
product of two polarization vectors, the vanishing of the tree-level MHV (and next 
to MHV) amplitudes follows immediately. Because the next-to-MHV amplitudes 
describe the self-dual scattering at tree-level, this also shows the classical triviality 
of self-dual field theory scattering 0. At the loop-level it also allows a direct com- 
parison between the N=2 string amplitude calculations and those in the field theory 
because no ddGij arises in the integral form in ([3.281). 



In order to compare we normalize the i^^ vertex operator with an additional line 
factor, 

V'{k,) = (-^Yvih) (3.38) 

with qi satisfying (|3.31|) . By this step, V takes the same form as the type HB 
superstring gravitational vertex operator, 

V'{k,e) = fdhe^^e-j^^idx''" -i^''^k--^+){dx^'f^ + ixP'^'^k--tP+) e'''-'' , (3.39) 
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and is clearly Lorentz covariant due to the reference momenta property in ( p.35| ). 
The graviton polarization in four dimensions {d=2+2) is identified after adjoining 
^alf3i3^^^ ~ ^aaW^^/sW- Siuce by ( |3.17| ) the vertex operator in a non-zero instanton 
sector is related to the one in ( |3.22| ) by a leg factor only, covariant versions of vertex 
operators can be given for any instanton sector by an appropriate choice of reference 
momenta. 



The reference momenta defined in ( p. 311) for the different vertex operators satisfy 







(3.40) 



which means that this choice automatically nullifies all the different inner products 
e~^{ki; q.j) ■ e^{kj; qj) = 0. Other choices of reference momenta, e.g. q'j=q°' for all ex- 
ternal lines, may be obtained by a gauge transformation of the vertex operator after 
normalizing the external lines; they correspond to adding a longitudinal component 
in ( |3.35| ) and yield the same on-shell S-matrix elements. 

With the representation in ( p. 39 ) the integrand is identical to the Koba-Nielsen 
representation of the IIB superstring, apart from the spin structure dependence. 



c^/^n J^exp {-ki-kjGij) | exp 



e[i-kj]diGij -\- ei-ej di dj Gij -\-ei- ej di dj Gi 



multi— linear 



(3.41) 

where the label 'multi-linear' means that the integrand is expanded in powers of 
the polarizations, keeping only the terms linear in each polarization (e^ or e^). The 
A'^=l superspace form has 



D\Gij didjGij D^_^D-'j^Gij didjGij 



D\DIG,, 



(3.42) 



This procedure accounts for the 6 integrations in the preceeding form in (|3.27| ), after 
choosing the reference momenta such that all ■ = 0, ■ Ij = and ej ■ ej = 0. The 
reference momenta that occur naturally in the vertex operator for the N=2 string 
in ( p.31j ) force all inner products in ( p.41|) ■ = and e, ■ e j = via ( p.37|) and 
we regain ( |3.28|) , although an arbitrary choice of demonstrates the covariance in 

im). 



4 Three-point Genus One 

In this section we calculate the genus-one closed-string three-point amplitude orig- 



inally derived (the M=0 part) in and compare the result with field theory, i.e. 
self-dual gravity. As mentioned in the previous section, in the Leznov frame the 
tree-level expression y43^^(6'=0) from ( p. 16 ) exactly produces the field-theory result 



generated from the Lagrangians ( |1.5|) or (|L 



Ai='i9=0) = Ar = {^^;kfkff (4.1) 
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where we switched to real spinor notation again. Other formulations of self-dual 
gravity are related by appropriately normalizing the external lines. In the gauge 
choice of ( |1.3D and without the external line factors required for covariance, the 
field-theoretic one-loop expression A}^~^°°^ is, by dimensional analysis, constrained 
to be 

A^-i°°P = (kf^ k+^f Af^ . (4.2) 

This fixes the tensor structure. The remaining proportionality factor Af^'^ in the 
amplitude then boils down to a field-theoretic triangle integral. 

The triangle integrals appearing below are infra-red divergent as on-shell kine- 
matics require kf = kf ■ k^ = 0. The field-theory loop calculation can also be 
performed by keeping A;| 7^ until after the integration, which generates the infra- 
red divergence as fcg — 0. Direct comparison with the on-shell string scattering is 
independent of this limit. 

After introducing Feynman parameters and Schwinger time, the three-point on- 
shell one-loop amplitude becomes 

- — —7 / dT / daidaoda-x 5(1 — ai — ao — as) 
(27r)'^yo Jo 123; 

X exp \-T {aii^ + a2{i - k^f + a^{^ + k^f) 

X {t' k^.f ((£ - k,r^ k^.y [t^ k^.y (4.3) 

which, after shifting 

i = i' + asfci - ag/cg , (4.4) 

takes the form of (14. 21), with 



— — ^ / dTT^ daida2da5 ajalal 5(1 - J^a^) exp [-Tf] .(4.5) 

Integrating over the loop momentum in (unregulated) (i=4 real dimensions and 
restoring the tensor structure gives 

^J— Mi-fn^^/x^x^/.r. («) 

The integral is IR divergent,]^ and we regulate it by imposing a Schwinger proper- 
time cutoff at T = Tmax; the unregulated results for both the field theory and string 
theory may be compared without referring to a regulator. 

It vanishes in dimensional reduction or regularization. 
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The three-point function in ( ^.61 ) is to be compared with the N=2 string result 
found next. The string-theory calculation in the Leznov frame confirms the same 
tensor structure as in the field theory, 



A 



J=6/ 



-0) = {kfk^.rA^=' 



(4.7) 



which differs from the three-point scattering found in |21] only by normalization 
(^=0 instead of M=0). We may therefore take over their result, 



— ^3(r,r) 



where the non-holomorphic Eisenstein series is defined as 



E 

(m,n)7^(0,0) 



'2 



m + nrl^ 



and satisfies 



Using ( |4.1CI| ) the integral in ( [4.8|) can be evaluated. 



A 



N=2 



jd?T{dl+dl)E,{T,f) = \d^,E; 



(4i 



(4.9) 



(4.10) 



(4.11) 



where the integral has been regulated by cutting its large- r2 region at T2 = The 
over the boundary term at the small- r2 end of the fundamental keyhole domain 



I II - 2 



|r| > 1 and 
is zero. For T2 ^ oo, E^, has the asymptotic form 

E3 = 2C(6)r3 + V^C(5)r(5/2)r2-2^0(e~2-2; 



yielding for (|4.11|) the expression 



A 



N=2 



C(6)r|U 



(4.12) 



(4.13) 



(4.14) 



together with terms that vanish as k — 00. Bringing back the tensor structure, we 
end up with 



At'{ 



-0) = {kf-k^.r C(6)r,^U 



(4.15) 



with C(6) = 7rV945. 

The three-point functions in ( [4.6|) and in ( [4.15|) agree after redefining the string 
proper time r| = T. The regulator 



T 



(4.16) 
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together with a normahzation that can be absorbed in ( [4.16| ) gives the match. 

The two integrals ( [4.6|) and ( |4.8| ) differ by a factor of T2 or, in the field theory 
interpretation, a shift in dimension |Q] . The matching of the scattering at three-point 
order is simply a redefinition of the Schwinger proper-time or the cutoff. This is 
inconsequential at three-point order because the results are both infra-red divergent. 
However, for the finite higher-point amplitudes such a redefinition is not possible, 
and the mismatch by a factor of T2 makes for a crucial difference between the two 
theories. 



5 Four-Point Genus One 

5.1 String Integrand 

In this section we analyze the measure for the integration of the four-point (and 
higher-point) amplitudes for the N=2 closed string in the critical dimension d=2+2 
and compute the integrand in terms of the bosonic and fermionic worldsheet cor- 
relators. The field-theory limit is taken in order to compare with the self-dual 
field theory and one-loop maximally helicity violating amplitudes in gravity. The 
comparison between the measure factors in the string and field theory persists to 
multi-genus. 

The N=2 superconformal algebra has as its generators the energy-momentum 
tensor T, two supercurrents G^, and the U{1) current J. The associated ghost 
structure consists of the (6, c) diffeomorphism ghosts, the (/?^,7^) local supersym- 
metry ghosts, and an additional {b',c') ghost system for the local U{1) invariance 
or R symmetry. Each chiral N=2 matter multiplet X = {x,iIj) and each ghost 
system contributes a (modular invariant) determinant factor to the one-loop string 
integration measure (continued to d dimensional target spacetime) 

Za[;]{r,f) = Z,{T,f)Z^[';]{T,f)ZUr,f)Zf,^[;]{T,f)Z,,,,{T,f) , (5.1) 

with the respective factors being 

ZAr,f) = r-'%{T)r' Z4;]{T,f) = |^[;](0,r)nr/(r)|-^ (5.2) 

ZUr,f) = T2\v{t)\' Z,rp\{r,f) = |^[J](0, r)r^ |.^(r)r (5.3) 

and, for the one associated with the local U{1) symmetry, 

Zb'Ar,f) = T2\v{r)\' . (5.4) 

The building blocks are the Jacobi theta functions (featured in the Appendix) with 
continuous characteristic [^] equal to spin structure and the Dedekind eta function 

r^(r) = gi/24jj(l-g") where g = e^'^*" , (5.5) 
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with r denoting the modular parameter of the torus. For general d the product of 
all determinant factors combines into 

Z4;]ir,f) = r-'^\n;]iO,r)t'\v{r)r^'-'K (5.6) 



and equals unity in four real dimensions [^]. This point trivializes the spin structure 
summation for the one-loop partition function and signals the absence of a tachyonic 
mode otherwise arising from the g-expansion of eta functions. 

Superconformal gauge fixing of the worldsheet N={2,2) supergravity produces 
not only constraints and their ghost systems but also reduces the supergravity path 
integral to one over the associated finite-dimensional moduli spaces. After explicitly 
performing the fermionic moduli integrals, which generate picture-raising insertions, 
one is left with reparametrization and Maxwell moduli. Both come in two varieties: 
moduli encoding the shape of the U{1) bundle over the worldsheet, and moduli 
describing the locations and U{1) monodromies of the vertex operators. In the 
torus case, the former are (r, f) and [^] while the latter comprise {{zi, Zi)} and twist 
angles {(pj,Pi)} interpolating between NS- and R-type puncture.0 Since for genus 
one the Jacobian torus of spin structures is isomorphic to the worldsheet itself we 
may parametrize it by an additional torus variable, 

u = (i-a)r+(|-/3) . (5.7) 

The modular invariant integration measures are 

^-75- and (5.8) 

^2 ^2 

on the fundamental domain JF of PSL{2, Z) and the torus T, respectively. Due to 
spectral flow, the integrand is independent of the twist angles, whose integration 
thus results merely in a constant volume factor for each puncture. The integration 
over the puncture locations, however, are nontrivial but modular invariant in the 
combination d'^z V{z, z) . 

Putting everything together, the scattering amplitude is given by 

^n{kj) = [ ^ [ — f] [ d^Zj Y\ e-^'-'''^'' KKN{zi,z^;u,u;T,f) , (5.9) 

with Kkn labeling the contractions between the vertex fields. 

The expansion of Kkn has a suggestive form after the grouping of terms that 
we now turn to. Each term with fermionic contractions can be paired with a purely 
bosonic term. This property is a consequence of worldsheet N=2 superconformal 
invariance and can also be used to prove the vanishing of the corresponding tree-level 
amplitudes. 

Isometries fix the reparametrization and Maxwell moduli of one of the punctures. 
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We break the contractions into three groups of terms and analyze the contribu- 
tions from the string scattering when the reference momenta are chosen to agree 
with ( ^.31| ). These holomorphic and anti-holomorphic mirror terms are depicted 
graphically in Figures 1 and 2. The bosonic propagator is 



277 

Gij = - \iaE{zi-Zj) - \nE{zi-Zj) H 

where E is the prime form on the torus, 



2 



lm{zi-Zj) (5.10) 



E{z,t) = , (5.11) 

and the latter term in ( [5.10[ ) subtracts the bosonic zero mode from the kernel.^ 
The holomorphic half of the fermionic propagator is the Szego kernel for general 
continuous monodromies, 



_ ^[g](^,r)^-[;;^](o, 



smi^^r) = - j;;;;; '\ , (5.12) 



except for the a=/3=l/2 periodic sector in which an additional zero mode develops. 
Expansions of the propagators are given in the Appendix. 
The first type of term in Kkn is 

r(1234) _ U+ . Jc^ . h+ . ■ 

1 — nj'2 '^2 3 3 4 4 1 

X f9iG'i2a2G'23a3G'34a4G41-5i2[°]523["]534["]54l[^]) • (5.13) 



Its reverse ordering (4321) is denoted by /(^^^i)^ ^jj^g latter gives the complex conju- 
gated contribution via ^ k~ . In addition we need the remaining permutations, 
/(i324)^ j(i243)^ their reverse orderings. This set is closed under permutation of 
any two indices. 

Next we have the three terms 

r{12){34) _ _r + i,+ . U- h.+ .1.-1.+ . h- 

1 — th-^ 't^2 1 3 4 4 3 

X faiG'i252G'2l93G'3454G'43-5i2["]52l["]534["]543["]) , (5.14) 



together with the orderings and /(24){i3)_ ^jj-^g terms in (|5.14|) are products 

of pairs of Szego kernels as opposed to the cyclic combinations in ( |5.13|) . 

Our convention is that Gij marks the full propagator including holomorphic, anti-holomorphic 
and zero-mode term; the holomorphic piece, ^liiE(zi—Zj), will be denoted by G{zij), explicitly 
displaying the holomorphic coordinate. 
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* — ♦ • X — > ft :t 

^ t 

(b) 



Figure 1: Contributions (a) /(^^^^) aiid (b) /(i^)^^^) to tiie A^=2 closed string am- 
plitude. The solid lines are derivatives of the bosonic two-point correlator and the 
dashed lines are holomorphic (or anti-holomorphic ) fermionic Green 's functions. 

The remaining terms are paired so that there are products of only two Szego 
kernels (in a cyclic fashion), 



= kt-k^k+-ki(^d^Gud2G2i-S^2[';]S2i['^ 

X (^k^ ■ k^ d^Gu + k^ -k^ SgGss + k^ ■ k^; d-^G^^ 
X {kl ■ k^ d^Gii + kf ■ k2 d/^G42 + kf ■ k^ d4^G43^ , (5.15) 

together with its permutations: and Terms with three 

fermion pairs contracted cancel. 



Figure 2: Additional contributions I^^^^ to the N=2 closed string amplitude. 

The gauge-invariant vertex operators normalized as in (|3.41| ) produce the same 
set of terms as in ( |5.13|) , ( |5.14 ) and ( 5.15 ) but with the modification 



kt-k- ei-kj (5.16) 

everywhere. Before and after integrating over spin structures, and with the choice 
of reference momenta = q, this substitution shows that the zero-slope limit of the 
closed-string amplitude reproduces the Feynman rules of gravity one-loop amplitudes 
without any ej ■ ej or ej ■ ej terms (i.e. MHV structure). 

Let us analyze the structure of Kkn in (|5.9| ) given the boson/fermion pairing of 
the various terms in the expansion. For the periodic spin structure [yll^ 

S^A;] - d,G,, (5.17) 

for each Szego kernel, and each set of terms in eqs. ( |5.13| ), ( ^.14| ) and ( p.l5| ) vanishes 
identically. Furthermore, at generic values of [^] the integrand vanishes at coincident 
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points Zi—Zj 0, making contact with the vanishing tree-level result via worldsheet 

degeneration. More explicitly, in the short- distance limit of coincident points one 
gets 

G{zi-Zj) = -\n{zi-Zj) , S{zi-Zj) = ^ = -dG{zi-Zj) , (5.18) 

Zi Zj 

and the integrand is zero pointwise before integration over the vertex operators. This 
cancellation can be explained in a number of ways. First, in field theory this is due to 
the fact that every tree diagram in gauge theory (Yang-Mills or gravity) contains at 
least one contraction €i-ej, and the identical reference momenta choice for all external 
lines in an MHV helicity configuration nullifies these terms. Second, at tree-level, 
target spacetime supersymmetric Ward identities in a supersymmetric gauge theory 
force the MHV amplitudes to be identically zero (in a supersymmetric gauge theory 
the tree-level graviton or gauge theory scattering amplitude does not contain internal 
fermion lines). Third, although the N=2 string is not spacetime supersymmetric, 
the worldsheet N=2 superconformal invariance of the vertex operator forces the 
tree-level amplitude to be zero. 

5.2 Comparison with Field Theory at Zero-slope 

In this subsection we take the zero-slope limit of the amplitude obtained in the 
previous subsection and compare it with the field-theory computation obtained in 
self-dual gravity at one- loop ( p.lO| ). Since the integration over the spin structures 



may be performed before or after the a ^ limit and it is not a priori obvious 
whether the ordering matters (because of singularities at the periodic spin structure), 
we will examine both orderings: field-theory limit first in the present section, spin 
structure integration first in the next one. The results will turn out to be the same. 

The amplitude from the string differs from self-dual gravity amplitudes in d=2+2 
because of the (6', c') ghost system associated to the U{1) R symmetry. Thanks 
to it, the integrand contains an additional T2 factor when compared to the inte- 
grand of type IIB superstring theory projected onto the self-dual sector of gravity 
in four dimensions (for example, by toroidal compactification on to the non- 
supersymmetric sector). Quite generally, a factor of 

is associated with writing an n-point (p^ Feynman diagram in d dimensions as 



■d/2 ^-Tf{k„a,) 



(5.20) 



The n factors of T2, one for every vertex operator, arise from the mapping of the torus to the 
unit square by Zi — Xi + ryi, with Xi,yi £ [0, 1]. 
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where fih.ai) = -{T.kPkO-kf + T^kPl^-k- 

The field-theory hmit of the string amphtude is obtained by transforming the 
string worldsheet coordinates for the vertex operators into a Schwinger proper-time 
form. From the field-theory point of view, the higher-g terms correspond to the 
exchange of massive modes (which are absent in the N=2 string). We briefiy examine 
the full analytic structure in the limit. Following ^ in the analytic extraction 



Ml 


= yi 




ai 


= 2-k{xi 


+ UiTi) 


U2 


= y2 


-yi 




= 2tc{x2 


- Xi+ U2T1) 


U3 


= Z/3 


-y2 


"3 


= 27r(x3 


-X2+U^Ti) 


U4 


= 1- 


-1/3 


04 


= 27rri - 


- 0L\ — 0L2~ OlZ 



of poles, we introduce new variables wij satisfying \wij\ < 1 and defined by 

_ J e^''*''*^ for Im Zij > 

- <^q^2mz,, fo^ Im 2,, < ^ ' 

with Zij = Zi—Zj. We also make use of the standard parametrization of the vertex 
insertion points in terms of the real variables and Ui 



(5.22) 



where ui + U2 + U3 + U4 = 1 and ai + 0^2 + 0:3 + 04 = 27rri. This can be achieved 
by using the translational symmetry of the torus to fix the position of one vertex 
operator insertion point. 

Since only logarithmic derivatives of the prime form multiply the Koba-Nielsen 
term, multiplying E with a ^-independent factor produces only a constant shift in 
the Koba-Nielsen exponent which vanishes as a result of momentum conservation. 
We are therefore entitled to neglect constant factors in E and simplify its product 
representation, 

1^[Y.l](Zii,T) ^ 

E{zij) = ^{y^ = e"'^^^- JJ(l-g"e-2"'^'0(l-9"^'e2"^'0 (5-23) 



.1/2JV ' J n=0 



and we define 



which is the component of ea^'^'^*^^'-'^ that contains all the infinite products from 
the expansion in ( ^.23|) . The remaining contributions from the Koba-Nielsen terms 



Yli^^j ea'^'j'^^^'^) that stem from the e'^*^'-' part of the prime forms and from the zero- 
mode subtractions in the bosonic Green's functions can be combined into the ex- 
pression |g|~('5"l"3+<M2M4) 

The full amplitude for a given spin structure [^] may then be rewritten as 

A,["^]{s,t) + A,[;]{t,u) + A,[;]{u,s), with 
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X n / dUi 5(1 - EjUj) |g|-(«''i«3+««2n4) 7^(^y.^.) Kkn (5.25) 

and the obvious permutations. We note that, for a given spin structure, K^jy is 
identical to the MHV kinematic factor in IIB superstring theory in ( [3.411 ). The 
function TZ, defined from the product expansion of the "i^-functions as in ( p. 241 ), may 
be expanded in an infinite series as follows: 

4 oo 4 

i=l "1=0 \vi\<ni 1=1 

Here, Si = s for i even, Si = t for i odd, and P^^^_^{s,t) are polynomials in s and t 
that may be generated recursively. Consider now the identity 



27r 



da 



27r JO 



d/3x^¥P,^(s;/5) , (5.27) 



where 



¥P,,(s;/5) = ^Cfc(s)Cfe+|,|(s)(5(2A;+r+|r7|-/5) (5.28) 

fc=0 

is the inverse Laplace transform of a hypergeometric function, and 

For X being some power of |g| we can take advantage of this identity and execute 
the integration over the angular variables a^. We observe that the zero-slope limit 
is equivalent to putting TZ{wij) = 1 from the start, since the effect of a nontrivial 
function TZ is felt only at higher order in a'. The analysis can be extended to contain 
the angular parameters associated with the kinematical factor Kkn and justifies the 
substitution rules that follow from the closed-string context. The remaining propa- 
gator terms in Kkn generate the Feynman parameters associated with the derivative 
couplings of the field-theory vertex in the zero-slope limit; the kinematical expres- 
sion is identical to that obtained in the IIB superstring before summing over spin 
structures. This procedure has been systematized at one-loop and ra-point through 



the Bern-Kosower string-motivated rules for calculating gauge theory scattering ^ 



adapted to gravity |43 



If it were not for the non-holomorphic zero- mode part in ( |5.10| ), perfect bose- 
fermi cancellation in eqs. (|5.13|) , ( |5.14| ), and (|5.15| ) would occur in the field-theory 
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limit. As it is, however, the remainder of the various pairings of the bosonic contrac- 
tions with the fermionic ones is proportional to at least one factor of {271 / iT2)hxv Zij . 
The zero modes explicitly break the holomorphicity of the string scattering, and the 
MHV amplitude may be understood as a holomorphic anomaly in the zero-slope 
limit of the N=2 string. 

Remaining in ( |5.25| ) is the single factor of r| multiplied by bosonic zero-mode 
contributions from Kkn- Comparing with ( 5.19| ) we see that this corresponds to 



a field-theory result in d=2 real dimensions [§]. The r2-dependence in the low- 
energy scattering of gravitons and the d=2 technical interpretation follows from 
either simple toroidal compactifications of the JIB superstring, or using the well- 
established string-inspired Feynman rules adapted to the case of perturbative gravity 
p3| . The latter we briefly discuss next in order to map the kinematical structure 
Kkn to the MHV one-loop gravity amplitudes. 

The string-inspired generation of the graviton scattering amplitude, which in the 
zero-slope limit arises from the corners of the moduli space, involves the Feynman- 
parametrized form originating from a cjr' diagram 



D = cn [ dxi^_,... I 'dx, ^"'^ -—jj^ , (5.30) 

where, in d dimensions, 

c„ = (4.)"'^I(!!l^. (5.31) 

Pi is the momentum flowing into the i*^ leg of the n-gon 0^ diag 
and Xi are Feynman parameters. All cfr" diagrams are to be considered with external 
trees attached where the external lines follow a cycle ordering; in the gravitational 
case we sum over all of the non-cyclic orderings without associated Yang-Mills color 
factors. The factor /^red comprises terms generated from the kinematical expression 
identical to the Koba-Nielsen term of the multi-graviton scattering amplitude. 



exp 



(fcj ■ ej — ej ■ ki) Gij — ■ Gij x (anti — hoi) . (5.32) 

multi— linear 



In (|5.32|) the dotted Gs represent worldline derivatives of the complete propagator, 
including bosonic zero modes.0 In ( p.32| ) we also have a multiplicative factor of the 
mixing from holomorphic/anti-holomorphic, 

exp [-(ej ■ ej + q ■ e^) Hij] , (5.33) 

where Hij := didjGij in the field-theory expression for the amplitude. This comes 
from the last term in ( ^.41| ) and is zero for the A^=2 string because of the MHV- 
type condition that ei-ej = for all external legs The propagator in ( [5.32| ) 



This notation follows that of the first-quantized form of scattering amplitudes at one-loop, 
derived and motivated by string theory considerations. 
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is Gij = — I sign(xij) + Xij, and the usual Feynman parameters are related to Xi 
via Xi = Yl]=i^j- The point of the form as written in ( |5.3CI|) is that the kine- 



matical expression arises from the standard first-quantized form of a particle, as 
generated from integrating over the worldline with measure factor ( |5.19| ). Mapping 
the N=2 zero-slope limit to this expression removes the need to explicitly integrate 
over T2 (including four-dimensional box integrals with up to eight insertions of loop 
momenta in the numerator) because the amplitudes are known |3^. The Feynman- 
parametrized form of (|5.3CI|) and ( |5.32|) produces the integral form of the zero-slope 
limit of the N=2 string expression but with d=2 as opposed to (i=4, as we shall now 
demonstrate. 

We begin by writing all possible 0^ diagrams, obtained by pinching together 
different sets of vertex operators. Then, after expanding the kinematical factor in 
( ^.32| ) we collect sets of Gij (and Gij) terms in accord with the tree and loop rules 
(example diagrams are illustrated in Figure 3). The Bern-Kosower tree rule 
in the low-energy extraction involves substituting on an external leg — l/(Pj -|- PjY 
for the occurence of a single power of Gij, from the outside of the diagram into the 
diagram, and then resubstituting z = j in the remaining momentum flow of the tree- 
line as well as making the substitution in the remaining Gij (and Gij) factors. In 
the gravity analog we substitute the same when there is a single product of GijGij. 
In the string-theory amplitude, this amounts to pinching a pole from the Q-^i-^i'^ij 
kinematical factor (i.e. integrating near Zi ~ Zj). After substituting the tree rules 
on an individual diagram we have a remaining kinematical factor on which we apply 
the loop rules. The tree rules do not depend on the spacetime spin of the particle 
being integrated out; rather, the loop rules map to the internal spacetime statistics 
of the particle. 



Figure 3: Example pinched contributions from the string amphtude in the field- 
theory limit. 



The Bern-Kosower loop rules |^ tell us to expand the holomorphic and anti- 
holomorphic terms in ( p.32| ) for a given ordering of the four external lines and, after 
applying the tree rules, to substitute the factors of Gij by the low-energy expansion 
of the propagators with an overall factor of two for combinatorics, 

1 
2 



Gij -- iAgn{xij) + Xij . (5.34) 
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These generate the uncychc contributions and represent the bosonic portion of the 
worldsheet correlators in the zero-slope limit. Next, we examine the integrand for 
cyclic occurances of Gij, following the ordering of the legs exiting the loop (for 
example 612^23^31)) and substitute as follows, 

GijGji — > 2 and Gi-^i^Gi^i^^ . . . Gi^i-^ — > 1 (n > 2) . (5.35) 

After having applied the cyclic substitutions in ( ^.35|) some Gij may be left unsub- 
stituted; they are to be replaced according to (|5.34| ). The outcome is the cyclic 
contributions and model the zero-slope limit of the fermionic correlations. The loop 
rules are applied separately on the Gijs and GijS in the case of gravity. 

In the case of Einstein-Hilbert gravity, the rules in ( ^.34|) and (|5.35|) generate 
a graviton as the state within the loop. In the field-theory limit, the cyclic and 
uncyclic substitutions arise from the fermionic and bosonic worldsheet propagators, 
respectively (when there are no Gij terms), and match with the form of K^tv- (A 
worldline systematics in the case of spin [J < 1] has also been analyzed in a number 
of works, including within the context of IPI diagrams.) 



There are further simplifications in the integrand of the MHV amplitudes that 
are beyond the naive collecting of terms obtained from expanding the Koba- Nielsen 
factor. The fact that integrating out a spacetime graviton or a spacetime complex 
scalar in the loop makes no difference for the amplitude implies cancellations of the 
cyclic terms obtained from the second rule in ( ^.35| ). In order to obtain the MHV 
amplitude with an internal complex scalar, only the first loop rule ( ^.34|) needs to 



be implemented on both the holomorphic and anti-holomorphic sides. 

In the MHV amplitudes, which satisfy (|2.8| ), this means that integrating out the 
cyclic contributions in ( |5.35|) gives identically zero (A'^1 = A^^^). This fact has been 
noted in in the application to a gravitational four-point amplitude with helicity 

assignment ( , ++, ++, ++). At the level of the superstring and the N=2 string 

this means that the worldsheet fermions do not contribute to the MHV amplitudes 
in the field-theory limit. Momentum conservation eliminates their total sum; this is 
demonstrated in the next section. We shall find an identical result when integrating 
over the spin structures prior to taking a' —* 0. 

The g-expansion of the derivative of the bosonic propagator involved in extract- 
ing Kktss is (see the Appendix) 



d 



2tt 



To 



2Tii 2i7r, 



ln|E(z)|2 (Im^)^ =m + lmz + 0(g), (5.36) 



where Im^; > 0. Effectively, after the angular integration [^0|, the middle term 
in ( |5.36| ) integrates to —2772 with higher-order in a' effects (naively there appears to 
be a potential singularity), yielding the outcome 



d 



2tx 



T2 



2m. 



ln|£;(^)|^ (Im^)^ ^ -i7r + Imz = -m{\-2y), (5.37) 



T"2 
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in agreement with the rules in ( |5.34| ) and ( [5.35| ) and the tensor algebra of the one- 
loop diagram after angular integration.^ 

Turning to the fermions, one observes that the field-theory limit of a Szego kernel 
is independent of the spin structure [^]. In the g-expansion, 

^[;](^n..,r)^[;](^,,,3,r)...S[^](z,„,„r) ^ (m)" + 0(g) (5.38) 

after the integration over the angular coordinates Oj. With this substitution, the 
second rule in ( 5.35| ) obtains for the integral expression of the amplitude. The zero- 
slope limit of the N=2 string reproduces individually all the diagrams of the gravity 
amplitude after a careful tracking of the indices of the Gij which come in a specific 
order within the Koba-Nielsen form in ( 5.32|) {Gij = —Gji). 

The primary difference between the integrands of the N=2 string and the IIB 
superstring truncated to obtain four- dimensional gravity lays in the integration mea- 
sure. Concretely, the N=2 string scattering amplitude at n-point has an extra factor 
of T2 compared to the amplitude obtained from a field-theory calculation using the 
Feynman rules of the self-dual gauge theory [|]. As a result, the amplitude in ( p.lO|) 
is obtained effectively in d=2 and not in (i=4. 

We compare now with the IIB superstring measure, continued to D dimensions. 
On a torus with spin structure [^], the NSR fermions and the supersymmetry ghosts 
(/3, 7) produce the determinantal factors 

ZA;] = l^[;](0,r)|^|r^(r)|-^ ^..[J] = |^[;](0, r)|-2 |r/(r)r (5.39) 

while the bosonic coordinates and the reparametrization ghosts {b, c) yield 

Z. = T-2"^/'|^(r)r^^ Z,, = r^lvirt. (5.40) 

Together with the Weyl-Peterson measure (i^r/r|, the product Z^Zp^Z^Z^c yields 

.2 r2"^^"'^''l^[;](0,r)|^-|r,(r)r^(^-), (5.41) 



^2 



not taking into account the factors associated with the vertex operators. Upon 
compactification on T^~°', it is modified by a lattice sum, 

Z{T) = Yl e^'^^^^-^^-^-^^^-^^ (5.42) 

where {Pl,Pr) parametrize the {p,q) signature lattice of dimension D — d (consis- 
tency requires Pl—P^ G 2Z and p—q G 8Z). Furthermore, the individual vertex 
operators generate powers of T2 after evaluating d'^z (the volume / d'^z = T2). 
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In the field theory hmit cot 27rz 
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The two measures, ( p.41| ) times ( |5.42| ) for the compactified IIB superstring on 
one side and (|5.6|) times (|5.8| ) for the N=2 string on the other, differ at zero-slope 
by a single factor of r2 



^r-^'^-^)/^ ^ ^r-(^-^)/^ (5.43) 



'2 

This calculation indicates the dimensional shift interpretation of the field-theory 
integration: the IIB superstring compactified on involves a (Pt/t2~^ at n-point 
(after inserting D=10 and d=4 in (|5.41| ) and ( |5.42D ). This is the same factor that 



the bosonic string in d=26 compactified on T^^ generates. In contrast, the N=2 
string requires a (Pt/t^''^. 

6 Spin Structure Summation 

6.1 Torus Integrals of Elliptic Functions 

This section pushes the expression for the full N=2 string scattering amplitude 
a step further and also provides an alternative calculation of its field-theory limit. 
Concretely, we explicitly evaluate the integrals over the monodromies of the world- 
sheet fermions, before taking the field theory limit. At four-point order this involves 
integrating over spin structures various products of up to four holomorphic Szego 
kernels (those in ( |5.13| ) and ( |5.14|) ) together with the anti- holomorphic side with the 



measure m 

For a complex structure r of the torus, we first define (suppressing r dependence) 

K{{Z,,}-U) := ^[;](^12)^[;](^23)---^[3(^nl) , (6.1) 

with 

u = (i-«)r+ (i-/3) (6.2) 

denoting the spin-structure dependent zero locus of the Szego kernel. By inspecting 
the zeros and poles of (|6.1| ) we learn how to rewrite this expression in terms of prime 
forms, 

, _ E{Z12 - U) E{Z23 -U) .. . E{Znl - u) , , 

" " [E{-u)YE{z,2)E{z2,)...E{zn,) ' ^ ■ ' 

which exposes the single nth-order pole in u at the origin. The simplest case, n=2, 
yields 

h2{z,2) = = ~p{z,2) + p{u) = dHnE{z,,)-dHnE{u) (6.4) 

where p{z) is the WeierstraB elliptic function. Furthermore in the coincidence limit 
Zni — > one observes that /i„ — > hn-i/ Zni- Since the spin structure has been encoded 
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in an additional torus variable u, we have to integrate over u (with correct measure) 
the functions hn times their anti-holomorphic relatives. 
With /iq := 1 we define the integrals 

/n,fi({%,%}) := {hn{{zij};u) hn{{zki};u)) (6.5) 

with measure 

f duAdu 

(•••) •= / 9 • ••• (6-6) 



which normalizes (1) = 1. Explicit integration for (|6.5|) is made possible by the 



following theorem [|^. As hn{u)du and hn{u)du are both closed one-forms with 
zero residue at u=0 we can express the surface integral in terms of period integrals 
over the a and b cycle, 

Jn,n 



hn{u)du (p hn{u)du — (p hn{u)du (p hn{u)du . (6.7) 

b Jb 



We next evaluate the period integrals. 



It is a fact that an elliptic function with a single nth-order pole can be 
expressed as a linear combination of p and its derivatives plus a constant. Hence, 
expanding hn{u) around the pole (no residue!) we obtain 

h^u) = /i^T^M-" + . . . + /if + h'^^u-^ + /if + 0{u) 

= + ■ • • - Ih^^^P'iu) + /if p(«) + i/W (6.8) 

with Laurent coefficients hn\{zij}), where we used p{u) = -u"^ + 0{u'^) and 

^P^'~^\u) = U-' + Gk6keyen + 0{u) (6.9) 

for k>3. The holomorphic Eisenstein series 

Gk = J2 7 ^ = 2ak) + 0{e'-n (6.10) 

(m,n)7^(0,0) ^ ^ 

occuring in (|6.9| ) for even k lead to a shift of the constant term in ( |6.8|) , 

- = /^f - /if - Ga /if - ... - /if . (6.11) 



The virtue of the expression ( |6.8D is that the evaluation of its period integrals 
has become almost trivial. Indeed, since for k>3 the antiderivative of p^''~'^\u) is 
p(A:-3)^^-j^ a doubly-periodic function, the integral of p^''~'^\u) over a closed loop 
vanishes. This observation eliminates all period integrals except for the last two 
terms in ( |6.8|) . Hence, we only require the integrals 

du = 1 (bdu = T (6.12) 

a Jb 

29 



as well as 



du p{u) 



du p{u) 



-2rir = 27ri-G2T (6.13) 



together with their complex conjugates, where we have introduced the "almost- 
modular" form (the regulated form of the divergent sum in ( 6.1CI| ) for k = 2) 



G,(t) 



4 



E 



(m,n)^(0,0) 



{mT+ny{2mT+2n—l) 



(6.14) 



Via (|6.5|) and (|6^ ) this leaves us with only three basic non-vanishing spin structure 
averages, 



(1) 



1 



-Go + 



IT 



T2 



TT 



(pp) = G2G2--{G2 + G2) . (6.15) 

r2 



With these averages we can now compute the integrals ( |6.5| ) as 

U = H^^^H^^^ + H'^^h^^\p)+H^^^h'~^^{p) + h^^^h^^\pp) (6.16) 

H^:^ + h^^\-G2+^j] [//f + h^^\-G2+^j] - h^^^ {^f 

and observe that they do not split chirally. In the evaluation of the four-point 
function we require only the cases of (n, n) G {(0, 0), (2, 0), (2, 2), (4, 0), (4, 2), (4, 4)} 
together with the transposes. 

It remains to list the coefficients h^n'' ■ In general hn^ = and = (— )". Here, 
we only need h'^^ and h^^^ for even k, 



(0) 



,(2) 



hf = -p{z,2) = dHnE{z^2)+G2, 
iT^'d^Ti + 2G2 , 



H, 



(0) 



/ll ^ — Ga 



j-J^^d^T^ + G2 T^'d^Ti + 2G^ 



2 ? 



(6.17) 
(6.18) 
(6.19) 



The shorthand notation involving T4 (generalizable to higher n in this form) is 

T4 = E12E23E34E41 , (6.20) 

d^Ti = E"2^'23E34:E4i + i?i2-E'23-^34-E41 + -E12-E23-E34-E4I + -^12-^23-^34-^41 
+ 2£'j2-^23-^34-E41 + 2i?j2-^23-E'34-^41 + 2£'i2-S23-£^34-E4i 
-|- 2£'i2-E'23-^34-^41 + 2-E'i2-E'23-E34-E'4;^ + 2£'i2-E'23-E34-E4i 



(6.21) 



and similarly for (9^T4, where we abbreviated Eij = E{zij). The higher d'' represents 
the actions of k derivatives spread out with respect to the insertion points Zij. 
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For later reference, we present the first few spin structure integrals: 

/2,o = 92lnEi2 + ^ (6.22) 

h,2 = \dHnEu + fJ'-{^^? (6.23) 

/4,o = j-J^'d^T, + iG2+^J'^T^'d'T, + 2G2^^ . (6.24) 

The analysis above is generalizable to higher genus by employing the prime forms 
pertaining to the higher-genus Riemann surface. 

6.2 Zero-slope Limit 

We now analyze the field theory limit of the various terms obtained from sum- 
ming over the spin structures. In the process of evaluating the ratios of prime forms 
E{zij) and their derivatives, the following can be implemented: 

E{z) ^sin(27rz) , (6.25) 

which in fn^ leads to products of unity and cot(27rz). After the angular integra- 
tion over Zr, cot{2TTz) —>■ i. Therefore, the analysis of the fermionic correlator 
terms fn,n reduces to combinatoric factors and derivatives of ( |6.25| ) with respect 



to the ^-coordinates, together with the appropriate 0^ diagram via pinching the 

nii?(%)i-"'^-. 



/2,o(^) - -(27r)2[l + cot2(27r^)] + > -, (6.26) 





and 


f — - 


vr 


T2 


r2 


71 


2 




r2 




Q 



f2,2{^,z) ^ -(27r)^cot^(27rz)-(27r)^ + - - - ^0, (6.27) 

where z is a variable independent of z. All of the contributions containing /2,o vanish 
after adding them up in the expansion of the Koba-Nielsen factor; we will show this 
after analyzing the remaining terms. 

The remaining integrals fn^n all involve at least either n = A or n = A. The field 
theory limit of such a term, exemplified in (|6.24|) , does not vanish individually in 
the kinematical expression, but like terms add up to zero as we will show below. In 
the r2 ^ oo limit the Eisenstein series simplify, 

2 4 

G2 ^ ^ and G4 ^ . (6.28) 
3 45 



As displayed in (|6.21|) the and derivatives produce a large number of products 



(k) 

of Elj /Eij. However, in the field theory limit no % dependence survives and 



- (2^0' (6.29) 
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which yields 

T^^d^Ti +256 (27r)^ T^^d'^T^ -16{2tt)^. (6.30) 

Collecting all terms, the net limits of the remaining terms are 

/4,o - /4,o = 10(2vrr-^(27r)2- (6.31) 

6 T2 

/4,2 ^ /4,2 = 10(27r)^- (6.32) 

47(1 TT 

/4,4 ^ /4,4 = 100 (27r)«-— (27r)6- . (6.33) 

3 T2 

It is interesting that a l/r2 appears in these terms, which indicates the modification 
necessary to obtain the MHV amplitudes. These terms terms do not produce a 0/0 
effect as they also vanish in four dimensions, being proportional to the difference 
between a scalar contribution and a graviton contribution to the MHV amplitude. 

The spin structure integrals fn,n are being multiplied by kinematical factors 
tn,n{{^i, kj}) stemming from the contractions of polarization and momentum vec- 



tors on four vertex operators ( |3.39| ). Since in the field-theory limit all z dependence 
has dropped from the latter can be factored out from the remaining integra- 
tions. This fact allows one to combine directly the various permutations of a given 
kinematical factor. 

We now analyze the kinematical factors tn,n = tnin- We begin with the contrac- 
tions of four pairs of fermions, which can happen in two distinct ways. The first 
possibility is a single cycle connecting all pairs, 

^a234) ^ . /.^ . ■ ^4 64 ■ fci , (6.34) 

together with permutations (1 ^ 2) and (2 3). With arbitrary reference momenta 
q chosen the same for all polarization vectors, we have 

^(1234) ^ [12] [23] [34] [41] (6.35) 
which follows from the substitution 

e-"(fc,g) = t^-^ . (6.36) 



Adding the three permutations produces 

^(1234) ^ ^(2134) ^ ^(1324) ^ ^^2] [23] [34] [41] + [21] [13] [34] [42] + [13] [32] [24] [41] .(6.37) 
Employing twice the Fierz identity 

[AB][CD] = [AC][BD] + [AD][CB] (6.38) 

we find 
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4^234) + ^2134) ^ ^(1324) ^ ^^2] [23] [34] [41] + [13] [24] ([12] [34] + [14] [23] j 

= [12][23][34][41] + [13]2[24]2 
= [12] [34] (^[24] [31] + [21] [43]) + [13]^[A2]^ 
= -[12] [24] [43] [31] + [12]2[34]2 + [13]^[42]^ . (6.39) 
Symmetrizing both sides of this equation and using the identity 

[13]'[42]2 + [12]2[43]2 + [14]2[32]2 = (6.40) 



again from (|6.38|) ) one discovers that ^4"'^^^'^'' + ^4^^^^^ + t^^^'^'^^ equals minus itself. 



Thus, the sum in ( |6.37| ) vanishes. 

The second option for contracting four pairs of fermions produces two cycles of 
two pairs each, 

= ,^.k,e2-hes-he,-h , (6.41) 
together with its two permutations. Via ( |6.36D this equals 



^(12)(34) ^ [12]2[34]2^ (6.42) 

which upon adding the three permutations and using ( |6.40|) equals zero, too. Similar 
additions of the field theory limit for the fermionic terms add to zero in the three- 
point and two-point (p^ diagrams, where the momentum structure involves three and 
two independent momenta, respectively. 

The previous analysis regarding the cyclic terms proportional to /4.0 generalizes 
in a straightforward manner to the remaining cyclic terms multiplying /4^2 and /4_4. 
In the field-theory limit all of the z dependence on the holomorphic half of the kine- 
matical expression multiplying these functions is absent (the anti-holomorphic half 
multiplying /4 2 includes bosonic zero modes which translate to Feynman parame- 
ters in the field theory limit). After summing over the different contributions on the 
holomorphic half, these contributions equal zero, as was shown in the preceeding 
paragraphs. 

Finally we analyze the /2,o (and 72,2) terms. The Wick contractions of two pairs 
of fermions yield a kinematical factor of 

4*^) = £. . kj ej ■ ki , (6.43) 

which multiplies the remaining kinematical structure from dkGke, as displayed by 
the solid lines in Figure 2. The relation At*^! = A^^] = A^^l enforces all these terms 
to be zero. This "supersymmetry identity" implies that the fermionic contractions 
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associated with rule two all generate zero, as discussed in the previous section. In 
the string amplitude this means that the holomorphic sum of all of the world-sheet 
fermionic correlators with equal weight add to zero. We have already showed by 
momentum conservation (for the particular MHV helicity structure) that the four- 
fermion terms are zero, it follows that the tg"''' terms also add to zero (as they 
all have the same coefficient in ( |S.26D ). This cancellation occurs separately for 
the four-fermion-pair contractions, i.e. the terms, as well as the two-fermion-pair 
contractions, in both two and four dimensions (as the supersymmetry idendity holds 
in both cases). The factors of r2 in ( |6.26|) and ( |6.31|) -( |6.33| ) cause a dimensional shift 
in the integration. 



7 Discussion 



In this work we have analyzed several aspects of the quantum scattering of the 
closed N={2,2) closed superstring at genus one. First, we have derived the zero- 
slope limit of the one-loop four-point function in the RNS formulation, and explicitly 
integrated over the spin structures of the worldsheet fermions. We have found 
agreement with the existing vanishing theorems in the literature. The mapping of 
the genus-one moduli space integrand to an MHV amplitude at n-point order is 
performed. Second, we have compared the one-loop integrated three- and higher- 
point string amplitudes with those of self-dual gravity. The disagreement (vanishing 
versus nonzero MHV) could be traced to a known p| difference in the integration 
measure whose origin is the local R symmetry of the N=2 string. Third, we have 
made manifest the Lorentz and coordinate invariance of the quantum (and classical) 
scattering by normalizing the vertices and incorporating spinor helicity techniques. 
Most of this analysis carries over straightforwardly to the open string. 

A number of new features have arisen regarding the quantum amplitudes. The 
N=2 string has field equations of self-duality at the classical level, but at genus 
one its amplitudes are not directly found from self-dual field theory in four di- 
mensions. Rather, the result appears in the loop integration as the dimensionally 
regulated version of the self-dual amplitudes, continued to two dimensions (with ex- 
ternal kinematics in two complex dimensions). These field-theory amplitudes indeed 
vanish. 

The two-dimensional nature of the N=2 string loop integration suggests that the 
effective dynamics of this string is only (real) two-dimensional. Then, the vanishing 
of two-dimensional gravity (and Yang-Mills) amplitudes may account for the all- 
order vanishing of the string amplitudes (like at genus one). Clearly, a string in two- 
dimensional target spacetime has no room for physical excitations (at generic mo- 
menta). In four- dimensional spacetime, however, the same situation can be arrived 
at by increasing the worldvolume dimension from two to four, since a spacetime- 
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filling brane affords only topological degrees of freedom. Indeed, the analogy 

T < y J (6,c) < > {b',c') (7.1) 

and the fact that the N=2 string ghost systems remove two complex unphysical 
directions from the excitation spectrum (best seen for the RNS fermions) have led 
to the speculation that the N=2 string actually is a space-filling brane. It 
is tempting to interpret the U{iy fibre associated with the local R symmetry as 
carrying the two additional dimensions, making for a total of four parametrizing the 
full bundle. The N=2 string formulation then amounts to a fibration of the 2+2 
dimensional world-volume over a Riemann surface. 

Another avenue is to search for modifications in the string amplitude which 
resurrect the non- vanishing four-dimensional MHV scattering. A single factor of l/r2 
in the integrand of the closed string is required to extract the one-loop self-dual field- 
theory amplitudes in (i=4. An insertion of an unintegrated zero-momentum vertex 
operator or a bosonic zero mode would already do the job, for example, through 

lim ^Mxe^^-^ or ddG{z,z) = —6^'^\z,z). (7.2) 

fc=0 T 2 

This conformal anomaly may have a target spacetime interpretation as a /5 function 
expansion around d=2. The insertion of the zero mode, breaking the worldsheet 
conformal invariance, expands the amplitude to those of one-loop self-dual field 
theory, and through perturbations of self-duality to gravity and Yang-Mills theory. 

We have analyzed one-loop string amplitudes in the field-theory limit, i.e. cal- 
culated the leading term in the g-expansion of a string amplitude. As the vanishing 
theorems and the Ward identities of the A^=2 string imply that the entire tower of 
g-expansion coefficients is zero, we expect the above two-dimensional interpretation 
to hold for the full A^=2 string theory. A direct verification of the vanishing of the 
higher-g components of the genus one string amplitude is outside the scope of the 
present paper; however, we have made important steps in that direction by provid- 
ing the reader with an explicit expression of the string integrand after spin-structure 
summation. Whether the analysis remains feasible at at the level of the full 

g-expansion is to be shown. 

Finally, the one-loop amplitudes generated by the closed A^=2 string are related 
through an order e=10—d identity to those of IIB supergravity in ten dimensions. 
Via a relation An=2 ~ the zero-slope hmit of the A^=2 string captures the 

ultraviolet portion of the IIB amplitudes; the latter amplitudes are finite in a di- 
mensionally regulated form in ten dimensions. As both amplitudes are low-energy 
limits of critical string theories, this suggests a relation between the A^=2 and A^=l 
strings, which at multi-loop requires a similar relation between the MHV amplitudes 
and the non-MHV IIB amplitudes. It is interesting to note that membrane-string 
and string-string connections have been noted in the context of the heterotic (2, 1) 



formulation in relation to world- volumes of membranes 47, 48 
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8 Appendix : Theta Functions 

We list in this Appendix some of the properties of the Jacobi theta functions and 
elliptic functions useful in this work. The theta function with {a, P) characteristics 
is defined by the infinite sum 

'^['pK^^'^) = ^■KiT{n+a)^+2m{n+a){z+P) _ ^g^") 

neZ 

The theta function satisfies the identity 



= e 



7riT(a2-l/2)2+27ri(a-l/2)(x+/3) „Qrl/2 



^[;/^](^+(a-i)r+(/3-i),r) (8.2) 



with the '»?[i/2](~'^' ''') ~ ~''^[i/2]('^' ''')■ Abbreviating q — e^'^^'^, the infinite product 
form of the odd theta function reads 



^?[J/2](^,r) = igVSg^^^ n ~ n [(^ ~ g^e-^'^^^) (1 - g^+ie^'^^^)] , (8.3) 

n=l n=0 

and that of its ^-derivative at z—0 is 

oo 

ny;]{0,r) = -27rgV8 J] (1 _ ^-)3 . (8.4) 

n=l 

In the same manner, we may rewrite the prime form as 

where inspection reveals that 

E{z+1,t) = -E{z,t) and E{z+t,t) = -e'"''^-'^'''' E{z,t) . (8.6) 
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The chiral bosonic correlator (without the zero-mode part) is 

G{z,t) = -lnE{z,T) = -In ' . (8.7) 

Once we insert the bosonic propagators into the expression for the four-point func- 
tion, the ^-independent factors will vanish as a result of momentum conservation. 
We also need the expanded version of dG, where we define the parameter w — e^"^'^, 

dG(z,T) = -m- - + ^^^221 {-^ —--^ ^-T 

1 — w ^ ^-^ \ 1 — q w 1 — q w J 

n=l ^ ' 
oo / _i \ 

= -7rcot(7rz) + 27riygN -^^^ -\ . (8.8) 

n=l ^ ' 



The fermionic Szego kernel for a given spin structure (q;,/3) ^ (f , i) is 



'''' ' ^[3(0,r)^[;/^](^,r) 



(8.9) 



For the odd spin structure, the fermionic propagator (again ignoring the zero-mode 
part) is a derivative of the chiral bosonic Greens function. 



S\1^\{z,t) = -dG{z,T) = d\^E{z,T) = -^^It— ■ (8-10) 



This relation between bosonic and fermionic propagator extends to the anti-holo- 
morphic part and the zero-mode part as well, 

— Im^ = a, — [Im^]' . (8.11) 

iT-2 T2 

We must integrate over all spin structures including the odd one; however, the odd 
spin-structure correlators do not contribute to any of the amplitudes derived in this 
work. 

The Szego kernels S^^iz^r) as well as dGiz^r) are singular as we take 2; ^ 0; 
however, the combination 

•^[3(^,r) = S\';\{z,T)-dG{z,T) (8.12) 

is finite in this limit. 
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The WeierstraB function p{z, r) is the unique doubly periodic function with a 
single second-order pole at the origin and no constant term in its Laurent expansion, 



^(^) = 4 + Yl (l ^ 

^ oo 

= - + ^(2A;+l)G2fc+2(r)^'\ (8.13) 



fc=i 



with the modular form 

G'2fe+2(r) = (mr+n)-(2'=+2) = 2C(2A;+2) + 0(g) (8.14) 

(m,n)7^(0,0) 

being known as the holomorphic Eisenstein function of weight 2A;+2, for A;>1. The 
antiderivative of the p function is denoted a — C(-2); it takes the half-point values 

C(l/2) = r/i = \G2 and C(^/2) = = iG^r - m (8.15) 

where the failure of the sum in (|8.14|) to absolutely converge for A;=0 necessitates a 
regularized definition of the "almost-modular" form 

G2(r) =4-5^ I = —d^lnr^ir). (8.16) 

The last equality makes contact with the logarithm of the Dedekind eta function, 

Inr^(r) = ^ In (1 - e^™^ + ^^rf^ , (8.17) 

n=l 

and generalizes to the higher Eisenstein functions, e.g. 

2G'2(r)2-10G'4(r) = (— j 9^ In r/(r) . (8.18) 



38 



References 



[1] 

[2] 
[3] 
[4] 
[5] 
[6] 
[7 



[9 
[10 

[11 
[12 

[13 
[14 
[15 



M. Ademollo et ai, Phys. Lett. B62, 105 (1976). 
M. Ademollo et ai, Nucl. Phys. Bill, 77 (1976). 

D. J. Bruce, D. B. Fairlie and R. G. Yates, Nucl. Phys. B108, 310 (1976). 

E. S. Fradkin and A. A. Tseytlin, Phys. Lett. B106, 63 (1981). 
A. D'Adda and F. Lizzi, Phys. Lett. B191, 85 (1987). 

H. Ooguri and C. Vafa, Mod. Phys. Lett. A5, 1389 (1990). 

H. Ooguri and C. Vafa, Nucl. Phys. B361, 469 (1991). 

N. Marcus, A tour through N=2 strings, 

Proc. of the Rome String Theory Workshop 1992, p. 391 ||hep-th/92li059 [ 



G. Chalmers and W. Siegel, Phys. Rev. D54, 7628 (1996) ||hep-th/ 9606061 



N. Berkovits and C. Vafa, Nucl. Phys. B433, 123 (1995) ||hep-th/ 94071^0 



N. Berkovits, Phys. Lett. B350, 28 (1995) ||hep-th/9412Tf9 



K. Jiinemann and O. Lechtenfeld, 

Phys. Lett. B474, 58 (2000) ||hep-th/99120T6 | 



W. Siegel, Phys. Rev. D47, 2504 (1993) ||hep-th/ 9207015 



A. N. Leznov, Theor. Math. Phys. 73, 1233 (1988). 

J. F. Plebanski, J. Math. Phys. 16, 2395 (1975); 

M. J. Duff, in Proceedings of 1979 Supergravity Workshop, 

ed. P. van Nieuwenhuizen and D. Z. Freedman (North Holland, 1979); 
J. F. Plebanski and M. Przanowski, 

Phys. Lett. A212, 22 (1996) ||liep-th/ 9605231 ; 
A. Jevicki, M. Mihailescu and J. P. Nunes, 

Chaos Solitons Fractals 10, 385 (1999) [|hep-th/9804206 . 



[16] C. N. Yang, Phys. Rev. Lett. 38, 1377 (1977). 

[17] V. P. Nair and J. Schiff, Phys. Lett. B246, 423 (1990). 

[18] W. A. Bardeen, Prog. Theor. Phys. Suppl. 123, 1 (1996). 

[19] J. Bischoff and O. Lechtenfeld, 

Int. J. Mod. Phys. A12, 4933 (1997) ||hep-th/96122TH] . 

[20] S. D. Mathur and S. Mukhi, Nucl. Phys. B302, 130 (1988). 

39 



[21] M. Bonini, E. Cava and R. lengo, Mod. Phys. Lett. A6, 795 (1991). 

[22] Z. Bern, L. Dixon, D. C. Dunbar and D. A. Kosower, 
Phys. Lett. B394, 105 (1997) ||hep-tli/96lin7 |. 



[23] M. L. Mangano and S. J. Parke, Phys. Kept. 200, 301 (1991). 

[24] Z. Bern, L. Dixon and D. A. Kosower, 

Ann. Rev. NucL Part. Sci. 46, 109 (1996) ||hep-ph/9602280 



[25] G. Chalmers and W. Siegel, Phys. Rev. D59, 045013 (1999) ||hep-ph/980l"220 | 



[26] A. G. Morgan, Phys. Lett. B351, 249 (1995) ||hep-ph/9502"230 



[27] G. Chalmers and W. Siegel, Phys. Rev. D59, 045012 (1999) ||liep-ph/970825T 



[28] Z. Bern, G. Chalmers, L. Dixon and D. A. Kosower, 

Phys. Rev. Lett. 72, 2134 (1994) ||hep-ph/931233l . 

[29] G. Mahlon, Phys. Rev. D49, 4438 (1994) ||hep-ph/9312"27^ 

[30] F. A. Berends and W. Giele, Nucl. Phys. B294, 700 (1987); 

D. Kosower, B. Lee and V. P. Nair, Phys. Lett. B201, 85 (1988); 
M. Mangano, S. Parke and Z. Xu, Nucl. Phys. B298, 653 (1988); 
Z. Bern and D. A. Kosower, Nucl. Phys. B362, 389 (1991). 

[31] M. T. Grisaru and J. Zak, Phys. Lett. B90, 237 (1980). 

[32] D. C. Dunbar and P. S. Norridge, 

Nucl. Phys. B433, 181 (1995) [hep-th/9408014 



[33] Z. Bern, L. Dixon, M. Perelstein and J. S. Rozowsky, 
Phys. Lett. B444, 273 (1998) ||hep-th/9809160| . 

[34] D. Cangemi, Nucl. Phys. B484, 521 (1997) ||hep-th/960520H 



[35] M. T. Grisaru, H. N. Pendleton and P. van Nieuwenhuizen, 
Phys. Rev. D15, 996 (1977); 
M. T. Grisaru and H. N. Pendleton, Nucl. Phys. B124, 81 (1977); 
S. J. Parke and T. R. Taylor, Phys. Lett. B157, 81 (1985); 
Z. Kunszt, Nucl. Phys. B271, 333 (1986). 

[36] O. Lechtenfeld, Mathematics and Physics of N=2 Strings, 
talk at SQS-99 in Dubna ||hep-th/99l22gT| ]. 



[37] J. Biehkowska, Phys. Lett. B 281, 59 (1992) ||liep-th/9lllIM7 



[38] O. Lechtenfeld and W. Siegel, Phys. Lett. B405, 49 (1997) [|liep-th/9704076| . 



40 



[39] F. A. Berends, R. Kleiss, P. De Causmaecker, R. Gastmans and T. T. Wu, 

Phys. Lett. B103, 124 (1981); 
P. De Causmaecker, R. Gastmans, W. Troost and T. T. Wu, 

Nucl. Phys. B206, 53 (1982); 
R. Kleiss and W. J. Stirling, Nucl. Phys. B262, 235 (1985); 
J. F. Gunion and Z. Kunszt, Phys. Lett. B161, 333 (1985); 
Z. Xu, D.-H. Zhang and L. Chang, Nucl. Phys. 291, 392 (1987). 

[40] E. D'Hoker and D. H. Phong, Nucl. Phys. B440, 24 (1995) ||hep-th/9410T5^] . 

[41] G. Chalmers, Nucl. Phys. B524, 295 (1998) [|hep-th/9712129| . 

[42] Z. Bern and D. A. Kosower, Phys. Rev. D38, 1888 (1988); 
Z. Bern and D. A. Kosower, Nucl. Phys. B379, 451 (1992); 
Z. Bern, |hep-ph/ 9304249 . 

[43] Z. Bern, D. C. Dunbar and T. Shimada, 

Phys. Lett. B312, 277 (1993) ||hep-th/ 9307001 . 

[44] M. J. Strassler, Nucl. Phys. B385, 145 (1992) ||hep-ph/9205205| ; 

M. G. Schmidt and C. Schubert, Phys. Lett. B331, 69 (1994) ||hep-th/9403T58| ; 
M. G. Schmidt and C. Schubert, 

Phys. Lett. B318, 438 (1993) ||hep-th/ 9309055 . 

[45] H. M. Farkas and I. Kra, Riemann Surfaces, 2nd ed.. Springer 1991. 

[46] E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, 
Cambridge Univ. Press. 

[47] D. Kutasov and E. Martinec, Nucl. Phys. B477, 652 (1996) ||hep-th/9602049| . 

[48] D. Kutasov and E. Martinec, 

Class. Quant. Grav. 14, 2483 (1997) ||hep-th/9612T0^ . 



41 



